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Abstract. In a random graph model introduced in [T] we give the joint asymptotic 
distribution of weights and degrees and prove scale-free property for the model. More- 
over, we determine the asymptotics of the maximal weight and the maximal degree. 



1. Introduction 

Many random graph models have been invented recently for modelling large networks 
like the internet or social networks [51 0]. Considering degree distributions, real life 
networks look quite different from classical (i.e., Erdos-Renyi type) random graphs. Mo- 
tivated by this observation, in several models [H [3] the evolution of the graph is driven 
by the actual degrees. However, in real-world networks larger groups and cliques may 
also interact and this has a relevant effect on the evolution. Therefore models based on 
cliques or groups of vertices may be of particular interest [SJ [7] . 

Motivated by that, in [T] we introduced a random graph model with dynamics based 
on interactions of three vertices. In our model vertices taking part in an interaction 
together have larger chance to participate together again, thus it is a kind of preferential 
attachment structure, while in the models referred to earlier there is no possibility to keep 
track of the number of steps where the members of a given group get new edges together. 

In our model vertices, edges and triangles have nonnegative weights, increasing ran- 
domly in discrete time steps. The weight is the number of interactions that the vertex, 
pair of vertices or triplets have participated in. In [I] we investigated the limit of the ratio 
of vertices of a given weight and proved that they almost surely exist and decay polyno- 
mially. This is the scale-free property of the model. We also determined the asymptotics 
of the weight of a given vertex. 

This time we will deal with degrees. This is the number of vertices having interacted 
with a given one. This is different from the weight of the vertex, which is the total number 
of interactions. We determine the joint asymptotic distribution of weights and degrees; 
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prove scale-free property for degrees; finally, we give the asymptotics of the degree of a 
given vertex, the maximal weight, and the maximal degree. 

2. The model 

We start with a single triangle. This has initial weight 1, and all its three edges have 
weight 1. Vertices, edges, and triangles will have nonnegative integer- valued weights, 
which increase according to the random evolution of the graph. 

At each step three vertices will interact. There are two possibilities. With probability 
p, independently of the past, a new vertex is added, which then interacts with two already 
existing vertices. Otherwise three old vertices interact. We will need < p < 1. 

Assume that in the nth step a new vertex is added to the graph. With probability r, 
independently of the past, the choice is done according to the "preferential attachment" 
rule, that is, an edge is chosen with probability proportional to its weight, then its end- 
points are selected. With probability 1 — r two distinct old vertices are chosen uniformly 
at random. 

Then the new vertex interacts with the two selected vertices. This means that the 
triangle they form comes to existence with initial weight 1, and we increase the weights 
of all three edges of the 3-interaction by 1 . This is the end of the step where a new vertex 
is generated. 

With probability 1—p three of the old vertices will interact. In such a step we have two 
choices again. With probability q each triangle is selected with probability proportional 
to its weight. Otherwise, with probability 1 — q, three distinct vertices will be chosen 
at random, uniformly, i.e., each triplet with the same probability. This choice is also 
independent of the past. 

In each case, having selected the three vertices to interact, we draw the edges of the 
triangle that are not present yet. Then the weight of the triangle is increased by 1, as 
well as the weights of the three sides of the triangle. 

Now we define the weights of vertices. The weight of a vertex is the sum of the weights 
of the triangles that contain it. Note that this is just the half of the sum of weights of 
edges from it, because whenever a vertex takes part in an interaction, the first sum is 
increased by 1, and the latter one is increased by 2. 

Our model is parametrized by the triplet of probabilities (p, q, r). 

This construction was introduced in pQ, where the following properties were proved. 

The ratio of vertices of weight w converges to x w almost surely as n — > oo , where 

1 a(w-l) + 



(1) 

hence we have 



P + 1 ' w aw + f3 + 1 



(2) x w ~ ; ^hr^w \ + a) as w -> oo 

«r(i + |) 

[TJ Theorem 3.1]. 

We have also studied the rate of growth of the weight of a fixed vertex. 

It is clear that the weights of the vertices of the starting triangle are interchangeable, 
therefore it is not necessary to deal with all the three. Let them be labelled by —2, —1, 
and 0. The further vertices get labels 1, 2, etc, in the order they are added to the graph. 
Let D[n, j] and W[n, j) denote the degree and the weight of vertex j after step n, provided 
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it exists. Otherwise let these quantities be equal to zero. Obviously, vertex j >1 cannot 
exist before step j. 

According to Theorem 4.1 of [T], for j > fixed we have 

(3) W[n, j] ~ Qn a almost surely as n — > oo, 

where Q is a positive random variable. 

In the sequel we will denote by T n the a-field generated by the first n steps, and by V n 
the number of vertices after the nth step. Thus Vb = 3. Furthermore, let I( • ) be defined 
as 1 if the condition within the brackets holds, otherwise let it be 0. 

3. Asymptotic joint distribution of degree and weight 

We denote the number of vertices of weight w and degree d after n steps by X[n, d, w]. 
When a vertex is born, its initial weight is one, and its initial degree is two. When it takes 
part in an interaction, its weight is increased by one, while its degree may not change 
(if it is already connected to the other two interacting vertices), or may increase by one 
or two. Thus X[n,d, w] > can occur only for pairs of integers d, w with 1 < w and 
2 < d < 2w. 

The following theorem is about the almost sure convergence of the ratio of vertices of 
weight w and degree d. 

Theorem 3.1. Given integers 1 < w and 2 < d < 2w we have 

X[n, d, w] 

7J ^ %d,w 

almost surely asn-> oo, where the limits Xd, w are positive numbers satisfying the following 
recurrence equation. 

1 

X2.1 = 



P+l ' 

— q — 1 [ai(w - l)xd,w-i + ct2(w - l)xd-i, w -i + ftxd- 



aw + 
for w > 2, where 

2vr 1 
(4) a x = (l-p)q, <*2 = -jp a = «i+« 2 , = -[2(1 - r) + 3(1 - p)(l - q)]. 

Proof. We compute the conditional expectation of X[n, d, w] with respect to the a-algebra 
J- n -i- Note that if an old vertex interacts with a new one, its degree must increase. On 
the other hand, if we choose vertices with probabilities proportional to certain weights, 
then no new edges are born between old vertices. 

Having built the graph in n steps we consider a fixed vertex with degree d and weight 
w. For simplicity we denote by V — V n the number of vertices after n steps. Then (d, w) 
can increase 

2w 

• by (1, 1) with probability pr — (new vertex, preferential attachment); 

3(n+l) 

• by (1, 1) with probability p(l — r) -y- , and 

by (2, 1) with probability p{\ — r) -^7- (new vertex, uniform selection); 

(2 j 
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by (0, 1) with probability (1 — p)q 



w 



n + 1 



(old vertices, preferential attachment); 



by (0, 1) with probability (1 — p)(l — q) j^- , 



si 

(3) 



by (1, 1) with probability (1 — p)(l — q) — — , mid 



(3) 



by (2, 1) with probability (1 — p)(l — q) 



{ 2 
(D 



(old vertices, uniform selection). 



Now it is easy to see that the probability that a vertex of weight w takes part in the 
interaction at step n is the following (see also pQ). 



(5) 



2w .2 
3n K„_ x 



w , ,3 



aw /3p 
« V„_i ' 



this is independent of the degree of the vertex. 

For d — 2 and w = 1 we also have to take the new vertex into account: a new vertex 
is born with probability p, and its degree is surely 2, while its weight is surely 1. 

Summing up, we obtain the conditional expectation of X[n, d, w] in the following form. 



E(X[n,d,w] I F n -i) = X[n-l,d,w] [1 
+ X[n- l,d,w- l](l-p) 



n V n -i 
w — 1 



+ (1-9) 



-X[n- l,d-l,w- l]p 



(6) 



2(io-l) 
r-i-r + (1 - r 



( 3) 
d 



3/7 



•X[n- l,d-l,u;- l](l-p)(l-g) 
• X[n - l,d-2,w - l]x 



(V) 

- 1 - d) 
2(V) 



(V) 

+ = 2,w = 1). 

Introduce the normalizing sequence 

^ 1 

aw /3p 



1/ /Vn-l-l-tfV 
.v- X +(l- P )(l- g )- 1 ' 



(V) 



c[n,to] = ( 1 



n > 1, w > 1. 



At each step a new vertex is born with probability p independently of the past. Hence 
the law of large numbers can be applied to the number of vertices, yielding that 



(7) 



V n =pn + o (n 1/2+e ) 
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a.s., for all < e < \. This implies that 

aw f3 



2 ' 

n-1 



log c[n, w] — — log I 1 



i i + 0(^/2+^ J 

n-1 /a \ n ~ 1 1 

E (T + 7 + °^ 3/2+e )) - ^ +0 E 7 + °w 



i=l v i=l 



a.s., where the error term is convergent as n — > oo. Therefore 

(8) c[n, w] - a^n"™^ 

a.s. asn-> oo, where a w is a positive random variable. 

For n > 1, w > 1, d > 2 set Z[n, d, tu] = c[n, w] JT[n, d, w]. Multiplying both sides of ([5]) 
by c[n, w] one can see that (Z[n, d, w], J-" n ) is a nonnegative submartingale for all fixed 
integers w, d. 

Consider the Doob decomposition Z[n, d, w] = M[n, d, w] +A[n, d, w], where M[n, d, w] 
is a zero mean martingale, and A[n, d, w] is a predictable increasing process. 

n 

M[n,d,w] = ^2(z[i,d,w] - E(Z[i,d,w] | Ji-i)), 
»=i 

n 

A[n,d,w] =EZ[l,d,w] + ^2(E(Z[i,d ) w] | - Z[i - 1, d, uA 

i=2 

Let us give an upper bound on the conditional variance of the martingale part. Recall 
that c[i,iy] is J^-i-measurable, and since there is only one interaction at each step, the 
increment of X can not be greater than three. Using |5J we get that 

n n 

B[n, d, w ] = ^Var(Z[i,d, wW^i-i) = J2c[i,w] 2 V&r{X[i 1 d 1 w]\T i - 1 ) 

i=l i=l 
n 

= 2_, c Ri w ] 2 Var(X[i, d, w] — X[i — 1, d, w] \ Fi-i) 
i=i 

n 

^2c[i,w] 2 E^(X[i,d,w] - X[i-l,d,w]) 2 Fi-^j 
i=i 

n 

<9^c[ ? , W ] 2 -0(n 2 ( Q -+« +1 ) . 
i=i 

Let us apply Proposition VII- 2-4 of Neveu [5] with f(t) = y/tlogt. We obtain that 

(10) M[n,d,w] = o(B[n,d,w} 1/2 log B[n,d,w}) = o(n aw+f}+1 ) . 

We will later use this estimation to show that Z[n, d, w] ~ A[n, d, w]. 

Note that X[n,d,w] — if 2 < d < 2w does not hold. Hence Xd, w — in all these 
cases. 

We apply induction on w. If the weight of a vertex is equal to 1, then it could not 
participate in any interactions except the first one, when it was born. Thus its degree 
must be equal to two. Therefore X[n,d, 1] is zero for d ^ 2, and it is the number of 
vertices of weight 1 for d = 2. In the case w — 1 the proposition follows from ([1}. 



0) l t 
< 
i=i 
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Suppose that the statement holds for all weights less than w, and for all possible degrees 
2 < d < 2w. Let us compute the asymptotics of A[n,d,w]. We start from ([6]). 



A[n,d,w] = EZ[l,d,w] 

n 

+ ^2c[i,w]X[i -l,d,w- 1](1 -p) 



i=2 



W ~ 1 /-, \ 



+ c[i, w]X[i — 1, d — 1, w — l]p 



r ~ + , Vi _ t 



(Y) 

d 



3/ 



+ c[i, w]X[i - 1, d - 1, w - 1](1 - p)(l - q) 

+ c[i,w]X[i - l,d-2,w- l]x 
K-i-d-l 



(V) 

d(Vi_i - 1 - d) 



/■Vi_i-l-d\ 

PC 1 - ' + (1 " P)(l " g P r vi-A 

I 3 J 



(V) 

+ c[i,u>]pl(d = 2,iu = 1). 

Using the induction hypothesis, the asymptotics of V n in ([7J and the regular variation 
of the normalizing constants c[n, w] with exponent aw +(3 in equation ([8]l. we can compute 
the asymptotics of A[n, d, w], leaving out all terms that are of smaller order of magnitude 
than others. 

w — 1 



A[n, d, w] ~ ^2 w] pi x d)W -i (1 - p)q- 



i=2 



+ c[i,w\ pi x d - X ,w-\pr 



2(w - 1) 
3i 



+ c[i,w] pi x d _ 2 ,w-i 

n 



3(l-p)(l- ? ) 



i=2 



2(1 -r) + 



^ w ^ 2(w- 1) 
(1 - p)qiw - l)Xd lW -i + pr Xd-i, w -i 



+ I 2(1 -r) + 



3(l-p)(l- 9 ) 



Xd-2,w-l 



aw + P + 1 



^ \ / lN 2(w-l) 
(1 - p)<?(w - l)Xd,w-l + pr 5 x d -\, w -i 



2(1 -r) 



3(l-p)(l-«) 



X d -2,w-l 



If d and it) satisfy 2 < d < 2u>, then there is at least one term on the right-hand side that 
is positive due to the induction hypothesis. Thus M[n,d,w] = o[A[n, d, w]) , therefore 
Z[n,d,w] ~ A[n, d, i«] holds almost surely as n — > oo. Dividing by the normalizing 
constants c[n, w] we get that X[n, d, w] ~ x d ^ w pn, from which 

d, u>] 



-> Id,! 
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a.s. asn-> oo, where 
1 



aw + [3 + 1 



2(iu-l) 

(1 - P)q( w - l)Xd, w -i +pr Xd-x,w-i 

+ (2(i-, ) + ! " 1 -rt' 1 -" )^,,.-, 



= —5 , : [ai(u> - l)a; d + a 2 (w - + /3a;d_2, w -i] , 

aw + p + 1 

with 

n i 2pr a on ^ . 3(i- P )(i-g) 

ai = (l-p)q, a 2 = — , p = 2(1 — r) H . 

3 p 

By this the induction step is completed. Moreover, as we noted before, Xd jW > holds 

for 2 < d < 2w. □ 



Remark 3.1. The explicit solution of the recurrence equation in Theorem \3. 1\ can be 
given in the following form. 
For w > 1 set 

c w = (aw + (3 + l)(a(w - 1) + fj + 1) . . . (a + /3 + 1). 
Let S n (0) = 1, and for 1 < k < n define 

S n (k) = ^ Ma 

I<ii<i2<-<ifc<" 

Then 



I w / w — k\ 

(ii) ^ = -2>-^- fe )(^_ 2fc J< 



af- d+k ai- 2k f3 k - 1 , l<w, 2<d<2w. 



k=l 

v d-2 



In other words, Xd, w is equal to the coefficient of z in the expression 

^ w — l 

— 11 {i{ a i+ a 2z) + I3z 2 ). 



i—l 

This is not hard to derive, and even easier to check; however, it does not seem to be very 
convenient for determining the asymptotics of Xd, w as d or w tends to infinity. We rather 
choose another method for it in the next section. 

4. Construction of the two dimensional limit distribution 

Let W be a positive integer valued random variable with distribution P(W — w) — 
x w , w = 1, 2, . . . . In addition, let £i = 2, and let the random variables £2,63, . . . be 
independent of each other and of W too; moreover, 

p(k = o)= S* l(w -*) p(e, = D- a2{w - 1] 



a(w-l) + p" ^ ' a(w-l)+/3 
a(w — 1) + p 

Define the partial sums = £1 H + £ w . 

Theorem 4.1. 

P(5w = d, W = w) = x d , w , l<w, 2<d<2w. 
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Proof. Clearly, F(S W =2,W = 1) = F(W = l)=xi = x 2 ,i- In addition we have 
F(S W = d,W = w) = F(S W =d,W = w) 



= F(S W = d)F(W = w) 

= F(S w - 1 = d)F(£ w =0) + 



+ F(S w - 1 =d-2)F(£ w = 2) F(W = w-l) 



1)P(&, = 1) + 

a(w — 1) 



■0 



aw + (3 + 1 



F(S w -x = d, W = w - 1) 



+ P(S W _ 1 =d-l,W = w-l 
+ P(S , ,„_i =d-2, W = w-l 



ai(w-l) 
aw + j3 + 1 

a 2 (w - 1) 



aw + f3 + 1 

/3 



aw + /3 + 1 

thus the probabilities P(SW = d, = w) and the limits (xd, w ) satisfy the same recursion. 

□ 

This, combined with Theorem l3.ll implies that the empirical joint distribution of degree 
and weight after step n converges almost surely in total variation norm to the distribution 
of (Sw, W). As a corollary we obtain that the asymptotic weight distribution (x w ) is 
just the marginal of the joint distribution {xd. w ), that is, x w = x\ iW + ■ • • + x 2WjW . 

Theorem 4.2. Suppose both a\ and a 2 are positive. Then 



=(M Ja i~ a2W)2 ) + °( w - i/2 )\ 

ia 2 w \ V la\a 2 w / '/ 



a 2 



2a\a 2 w 

as d and hence w tend to infinity; and the term O in the remainder is uniform in d. 
Proof. 

a 2 
a 

Var(^) 



hence ~ES U 



a 2 {w-l) + 2(3 
a(w - 1) + ft 

w + 0(log w). Similarly, 
aia 2 



{a + ai )(3 



a a(a(w — 1) + f3) 



O 



Var(^ 



aia 2 



a 



w + 0(logu>), 



as w — > oo. The proof can be completed by applying the local limit theorem (Theorem 
VII. 1.5 in [9]) to S w . Its conditions are satisfied, namely, 

1 1 w 

liminf — Var(S w ) > 0, limsup — |£j — < °°- 



w— >oo w 



W 



3 = 1 



Hence we have 



(12) 



sup 



VVar(5 tu )P(5 u , = d) - 



exp 



(d - ES W )' 
' 2V&r(S w ) 



= o 



It easily follows that in (fl2|) KS W can be replaced with a term differing from it by 
O [ a W 1 : an( l Var(S' t0 ) with a term differing by O(-Jw) . □ 
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From Theorem 14.11 one can derive the asymptotics of the other marginal distribution 
u d = X)to>d/2 x d,w- Clearly, Ud is the a.s. limit of the proportion of vertices with degree 
d. 



Theorem 4.3. 



rfi ' ^ 



-- — —. 2L 7jT (— a ) " - " " ~ x: ■ 

+ £■) \a 2 



a 2 r( 

Proof. Let 

f=—d, ^-{ W :/-/ 1/2+E < W </ + / 1/2+£ }, 

H~ = {w : w < f - f 1/2+e }, H+ = {w:w> f + f 1/2+£ }, 

with some < e < 1/6. 

By Hocffding's well-known exponential inequality (Theorem 2 of [5]) for w £ H~ wc 
have 



P(S W >d)<P (S w -ES w >d-^w- OQog to)) 



< exp ( (d-^w-Q(logw)) 2 \ = ^ (_ ,atf (f-w- 0(\ogw)Y 



2w J \ V a J 2w I 

Here in the numerator (/ — w — 0(log w)) 2 > f 1+2e — 0(/ 1 / 2+e log /) , and in the denom- 
inator w < f. Hence 

/ 2 f2e \ 

ns w >d) <cxpf-^^ + (i)j, 

thus we have 

(13) F (S w =d,WeH-)<(l + o(l))fexp(-^p\ =o(/-( 1+ ^)). 
The case of w G can be treated similarly. 
P(S W <d)<¥ (S w -ES w <d-—w) 



< exp — — — < exp 



2w J r V v a J 2w 

This time we use the estimate 

2(tu - /) > f 1/2+e +w-f> f l/2+e + (w- f) 1 ' 2 ^ > w 1 ' 2 ^ 
in the numerator, obtaining 

¥{S w <d) <exp(-^^ 

Hence 

(14) P(S W =d,W£H+)<Y J exp(-^f ) = (H 1+ ^)) 

w>f V a / 
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Finally, for w G H 

(ad-a 2 w) 2 = a 2 (f - w) 2 = a 2 (f - w) 2 / | . 1/2+e ,\ 
2a\a 2 w 2a\w 2a.\f \ / 

_ «2(/- w) 2 



2ai/ 



0(/ -l/2+3e ); 



consequently 



d ' w a r(l + f)' y y/2n ai a 2 f P \ 2a x f 



as d — >■ oo and w ^ H . Since 



Ea ( a 2 (w~f) 2 \ fa ( u 2 t 2 \ a 

= exp — - — — > / = cxp — — — at = — 

V27raia2/ \ 2a±j J J \J2-Ka\a 2 \ 2a\ J a 2 



we obtain that 



r(i + £±i 



(is) p(s w = d, w e h) ~ ' K ' ; ° > f-v+z) . 

a 2 r(i + §) 

The proof is completed by (fT3|). (fT4|) . and (fT5|) combined. □ 

5. Maximal weight, maximal degree 

In this section our goal is to determine the asymptotics of the maximum of the weights 
as the number of steps tends to infinity. 

Let I[n,j] denote the indicator of the event {W[n,j] > 1}. Moreover, we denote 
by J[n, j] the indicator of the event that vertex j is born at step n, that is, J[n, j] = 
I[n,j]-I[n-l,j}. 

We fix j, and examine the process W^[n,j] as n increases. 

In the first lemma we find martingales that we will use later in the proofs. Then we 
prove that the maximal weight grows at the same pace as the weight of any fixed vertex 
does, see ([3]). 

Let j, k, I be fixed integers, < j < t, 1 < k, and let us introduce the sequences 

n-l 

i—l L 

with a, /? defined in Note that b[n, k] is deterministic, while d[n, k,j] is random, but 
J>i_i-measurablc for all k and j. Moreover, we have 

(16) b[n,k] ~b k n~ ka , 

with bk > 0, as n —> oo. 

Lemma 5.1. Let 

Z[n,kJ] = b[n,k]P V ^ l '^^~ k ^ -d[n,k,j], 
then [Z[n,k,j]I[£,j], J- n ), n > £, is a martingale. 



Hn, k] = n (i + fy\ d [n , kj] = g bn + Mif (^f +* - i ) , 
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Proof. Assuming that vertex j already exists after step i, the probability that it partici- 
pates in an interaction at step n + 1 > I is equal to "^"'^ + y^- This implies that, for 
arbitrary positive integers k, £, n we have 



E 



win+i f +k -yv,j\\?„)=i%i]( 



W[n,j]+k-l 
k 



aW[n,j] ftp 
n V n 



W[n,j] + k\ fW[n,j]+k-l 



aW[n,j] ftp 
n V n 



W[n,j]+k - 1 
k-l 



W[n,j] + k 
k 



') fi + 2*V/M^( WlB ', Jl + *" 1 



k-l 



Multiplying both sides by b[n + 1, k] we get by definition that 



E ( b[n + l,k] 



W{n + l,j] + k-l 
k 



I%3\ 



J~ n 



tin, k] + " - l ) + f (^f^ - ') tin + 1, k] 



t[n, k] 



WinJ] + k-l 
k 



-d[n,k,j] + d[n+ l,k,j] 



which completes the proof of the lemma, since d[n + 1, k,j] is .^-measurable. 
Lemma 5.2. For arbitrary fixed integers k > and 1 < m < n define 

f W[n,j] +k - 1 N 



S[m, n, k] = E 



b[n, k) 



I[n,j] 



□ 



Ther 



Sim,n,k]<C k J2r ka 



with a positive constant C k only depending on k. 

Proof. We prove this by induction on k. 
For k = obviously 



S[m,n,0] =b[n,0] £ E(l[n,j]) = P(W[n,j] > l) < n-m + 1. 



Suppose that the statement of the lemma holds for k— 1. By Lemma l5Tl we know that 
Z[n, k, j]I[£, j] is a martingale, hence its expectation does not depend on n. The difference 
of martingales is also a martingale, thus we have the same with J[£,j]. Decomposing 
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I[n,j] into the sum of terms J[£, j] we obtain that 
S[m, n, k] = J2 E ( E b[n, k] f W ^^+ k l \ J[l,j] 

j=m \t=j ^ ' ' J 

n in 

= E E E( z [ n <M + dKM)j[^i 

3=m \£=j j 
n in 

= E E EW^I + ^Ml^-Jl 



Let us split S[m,n,k] into two parts: S[m, n, k] — S\[m,n,k] + S^ra, n, k], where 

inn \ n I n 

(17) S 1 [m,n,k]=E [ <^i[j,fc]E E^,j] 

n n 

< e b\j, k] = b k e r to (i + (i)) < c k e i 



n n n 

f 

j— m j— m j—m 

For the second part we have 



(n n 
j=m l=j 



E 



'n-1 



2 j=m £— j 



W[z,jl + A;-1 , 

Since F — = < k, we get that 

W[i,j\ 



S a [m, n, ft] < fc E ^TIJ E E *[»■ * - 1] ( fc _ ! J /[., j] • 

i—m \ j—ni J 

For the expectation in the right-hand side we give upper bounds on the events {Vi < 
(p/2)i} and {Vi > (p/2)i} separately. Remember that I( • ) denotes the indicator of the 
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event in brackets. From the induction hypothesis we obtain that 

^\vA Vi -2)2^ b[l ' k - 1] ( k-i I[hJ 

j=m 

< —S[m, i, k - 1] < 2/3C fc _i - V 

7 1 * J 



I ' ' '' 



By the Hoeffding bound P(V* < {p/2)i) < e £l with e > only depending on p. Using 
that Vi > 3 and the trivial bound on the weights we get that 

.(*.( K <f)t*»-.]^_ + *->«,; 

<fp(«<f)E**-'i( < :*T a ) 



]=m 



o (e- si i-^ a i k -H) =o[- i Y J r ik - 1)a ) 

\ j=m J 



uniformly in to. Finally, 

b[i + l,k] , a) 
b[i,k-l] [ 1 
Putting all these together we obtain that 

n i n n 

(is) s 2 [m, n, ft] < c^' e E r (fc ~ 1)Q - ^ E E r 1_ 



j—m 3 = 7n i— j 



We can complete the proof by combining (IT71) and (TT5|) . □ 

Next we characterize the growth rate of the maximal weight in the graph. Let W n = 
max{W[n,_7'] : —2 < j < n}, the maximal weight after n steps. 

Theorem 5.1. W n ~ /in" almost surely as n — » oo, where /i is a finite and positive 
random variable, namely, /i — supjCj : j > —2}, (j defined in ([3]). 

Proof. For 1 < to < n define M[m, n] = max{VF[n, j] : —2 < j < to}. By ([3]) it is obvious 
that 

lim n~ a M[m, n] — maxjC, : —2 < j < m} 

n— >oo 

with probability 1. All we have to do is to show that 

(19) lim lim sup n~ a (W n - M [to, n]) = 0. 



From the proof of Lemma 15.11 it follows that the process 

b[ nM( W[n ^ k - l )i[^ »>/, 
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is a submartingale, hence, the same holds for 

fW[n,j] + k-l\ fW[n,j} + k-l\ 

b[n,k\[ }=b[n,k]( ]I[n,j], n>j. 



k J \ k 

Being the maximum of an increasing number of submartingales, the process 

is also a submartingale. In addition, 

r W n - M[m,n] + k-l 



(20) E 



b[n, k] 



<s[ mi n,k\<c k Y,r kc 



by Lemma 15.21 Since 

(21) ([ b[ n, 1] ( Wb - M K n]jf < kl ^| b[n, k] ^ ~ ^ " ] + * " ') , 

the nonnegative submartingale b[n, 1] (W n — M[m, n]) is bounded in Lk whenever ka > 1. 
Thus it is convergent with probability 1, and also in Lk, for every k > 1. Moreover, by 
P0|) and (J2TJ> we have 



E 



( Um n~ Q (W„ - M[m, n})) < fc! -r^ V j- ka 



From this the monotone convergence theorem gives 

E f lim lim n- a (W n - M[m,n])) = 

if fc > 1/a, proving ([l9]l. □ 
We finally present the asymptotics of the maximal degree as the number of steps tends 
to infinity. First we will study the growth of the degree of a fixed vertex. 

Theorem 5.2. For j = 0, 1, . . . we have 

O[n,i]~-0n a 
a 

almost surely, as n — > oo, where Q is a positive random variable, defined in (|3|). 

Proof. Starting from the specification of the ways the degree and the weight of a fixed 
vertex can grow, we can write 

(22) E(l[k,j]D[n + l,j] | T n ) = I[k,j] \D[n,j] + pr™ [ " ' j] 



3(n + l) 



2V n -D[n,j}-2 | on ui s V n -D[n,j]-l 
ft) 



+ p(l-r) " J. ,JJ +3 (l-p)(l- ? ) 



= /[/,. /]( D[n, j] + a 2 +J4). 

n + 1 



if fc < n, where < R n < . 



WEIGHTS AND DEGREES IN A RANDOM GRAPH MODEL BASED ON 3-INTERACTIONS 15 



Introduce £ n = I[k, j](D[n, j] — D[n — 1, j]), then < £„ < 2, hence by Corollary 
VII-2-6 of [8] and equation we obtain 

a.e. on the event {Wf/c,^] > 1}. Thus D[n,j] ~ if Ci n ° on that event. Since we know 
that linifc_ ! . oc = oo, we have 

completing the proof. □ 

From Theorems 15.11 and 15.21 the asymptotic behaviour of the maximal degree immedi- 
ately follows. 

Theorem 5.3. Let T> n denote the maximal degree in the graph after n steps. Then 

a 

almost surely as n — > oo 7 where \i is the finite and positive random variable defined in 
Theorem I5.il 



Proof. By the trivial bound D[n,j] < 2W[n,j] we obtain 

m&x{D[n,j] : —2 < j < m} < T> n 

< max{D[n, j] : —2 < j < m} + max{2W^n, j] : m < j < n}. 

Multiplying by n~ a and letting n — > oo we get 

— max{Cj : —2 < j < m} < liminf n~ a T> n < lim sup n~ a T> n 
a ' ' n^oo n-nx> 

< — max{C, : -2 < j < m} + 2 lim n" Q (W„ - M[m,n]). 
By ([TO)) both sides tend to /xa^/a as m — > oo. □ 
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